The standard predator-prey model is generalized beyond the Volterra linear-log form. Conservative oscillations are deduced and also conversion to a variational Hamiltonian form. Generalization to more than two species is also castable into Hamiltonian form, with small 
Introduction of simple diminishing returns leads to damped motions that are kept cyclically alive by shocks of the weather and other exogenous stochastic elements. Introduction of increasing returns solely in an interval near equilibrium leads to autonomous self-exciting oscillations near a stable limit cycle; under stochastic forcing functions, a long-run ergodic state becomes predictable.
TWO-SPECIES MODELS
Conservative periodic motions are a characteristic feature of the well-known predator-prey model of Lotka (ref. 1) and Volterra (ref. 2) X1 = X1(a, -a12X2) X2 = -X2(a2 -a2iXl), (1) where X2 is the predator species (tigers, foxes, capitalists), X1 the prey species (deer, rabbits, laborers), and X1 denotes dX1/dt. The numbers of "interactions" that give rise to a decrease in prey and increase in predator are assumed proportional to the products X1X2. We have merely to invert the first equation of (2') to get Y2 = T'(YP1), T' = (H2') 1 > 0, where T(Y1) is kind of a kinetic-energy function, in terms of which Y2 can be defined as a Newton-Hamilton momentum.
In terms of these transformed variables, (2') becomes
which is essentially of form (5) , and can be seen to be the Euler extremal condition for the maximization of
That the solution represents a true minimum of I and not merely a stationary value is assured by the fact that the strict convexity of T(ki) implies strong Legendre and Weierstrass conditions that suffice for a strong minimum provided that it, -to is sufficiently small. However, when the time interval becomes larger than a half period of oscillation, the existence of a Jacobi conjugate point will destroy the minimum character of the struggle-for-life motion.
A classic theorem of Poincar6 requires that the characteristic roots associated with a stationary point of Hamiltonian variational system come in oppositesigned pairs. For the present case of closed contours of motion, those roots must be pure imaginaries, so that small vibrations around the equilibrium state will perform the sinusoidal oscillations of simple harmonic motion.
MULTI-SPECIES PREDATOR-PREY MODEL
The case of n > 2 predators (Y1, ..., Yn) interacting with preys (yi, . . ., Yn) to produce conservative fluctuations around an equilibrium (y*, Y*) can be analyzed by exact analogy to the previous general procedures. We 
DISSIPATIVE DIMINISHING RETURNS
The pretty formalisms above should not blind us to the fact that the Lotka-Volterra struggle for existence has forgotten all about the limitation of land and inorganic elements in the environment. Ecological equilibrium without the law of diminishing returns is like Hamlet without the Prince. Conservative motions are always a razor's-edge state: if the first law of thermodynamics, the law of conservation of energy, were not a brute fact of nature, one would have to consider its invention infinitely improbable. Although the molecules in foxes and rabbits satisfy energy laws, the macrocosmic variables denoting population numbers do not.
Thus, as I have shown (ref. 5) , adding into the righthand-side parenthesis of (1) Xi-X* C[exp (e/2)tI sin(2 +s/at y), (14) and thus being slightly damped.
To If autonomous periodicity in the struggle for existence is insisted upon, I found it more plausible to introduce into the parentheses of (1) a nonlinear term ef(XI), with the property that f is increasing in the neighborhood of the X* equilibrium point but reverses its direction at small and large scales for X1. This will imply an autorelaxation limit cycle of the Rayleigh-van der Pol type (refs. 3-5) . Such a stable periodic motion will be of unique amplitude, independently of initial conditions. Moreover, a small change in any of the coefficients of the system will not destroy the periodicity as it would for a vulnerable, razor's-edge conservative system.
Figs. 1, 2, and 3 show, respectively, the contours of motion for the conservative razor's-edge case, the case recognizing simple diminishing returns, and the case where returns are increasing at intermediate scales near the equilibrium. Only in the first case will the elegant methods of classical statistical mechanics apply.
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